Unit 4

Application of Boolean Algebra / Minterm and
Maxterm Expansion
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Outline

e Conversion of sentences to Boolean equations
e Truth table-based logic design

e Minterm and maxterm expansions

e Incompletely specified functions

e Binary adders and subtracters

e Speeding up integer additions

e Binary multiplication
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Conversion of Sentences to Boolean Equations
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Truth Table-based Logic Design (1/2)

@ By “1's” function

f =A'BC+AB'C'+AB'C+ABC+ABC

=A'BC+ AB%+AB
=A'BC+A
=A+BC
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Truth Table-based Logic Design (2/2) &3

@ By “0's” function A B C | f |

o o o0 |o |1

f =(A+B+C)(A+B+C")(A+B+C) [0 ©0 1 |0 |1

0 1 0 0 1

=(A+B)(A+B+C)=A+B(B+C) |, 1 1 |1 | o

: '11atl) 1 0 1 1 0

fis “0” | D B
A=0=C,B=1 ®By f'

f'=A'B'C'+A'B'C + A'BC'
U
f =(A+B+C)A+B+C')A+B+C)
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Y
Minterm & Maxterm Expansions (1/10) <5
Variables : X,Y,Z---A,B,C--.
Literals : X, X"'Y,Y" ...
Example
F=ABC'+A'B'+BC' 3 variables 7 literals
RowNo.|A B C Mintems Maxterms f f°
0 0 0 0|A'B'C' = m, A+B+C = M, 0 1
1 0 0 1| AB'C = m, A+B+C' = M, 0 1
2 0 1 0| ABC' = m, A+B'+C = M, 0 1
3 0 1 1| ABC = m, A+B'+C' = M, 1 0
4 1 0 0| AB'C' = m, A'+B+C = M, 1 0
5 1 0 1| AB'C = m, A'+B+C' = M, 1 0
6 1 1 0| ABC' = m, A'+B'+C = M, 1 0
7 1 1 1| ABC = m, A'+B'+C' = M, 1 0
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Minterm & Maxterm Expansions (2/10)

Unit 4

m, = Mi

= f=A'BC + AB'C'+ AB'C + ABC'+ ABC
=Ms+ Ms+ Ms+ Mes + M-+

or f(A B,C)=)> m(34,56,7)
minterm =1 = f =1

f=(A+B+C)(A+B+C')(A+B'+C)=MoM1iM:
f(AB,C)=]]M(0,12)

maxterm =0 = f =0




Minterm & Maxterm Expansions (3/10)

f(AB,C)=>m(3,4,56,7) = f'(ABC)=m+m+m;
(fY=Ff=(Mo+m:+m2)'=mo'"-m.'-m.! = MoMiM 2
=] [M(0.1,2)
f' =(Ms+mMi+mMs+mMe+m-)'=ms"m.'-ms"ms"m:’
=M:sM:MsMeM7=] [M(3,4,5,6,7)
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Minterm & Maxterm Expansions (4/10) <gs

Another Example

A B C D g g

0 0 0 0 0 1 m o
0 0 0 1 0 1 m 1
0 0 1 0 1 0 m 2
0 0 1 1 1 0 m 3
0 1 0 0 1 0 m 4
0 1 0 1 0 1 m s
0 1 1 0 1 0 m e
0 1 1 1 1 0 m 7
1 0 0 0 0 1 m s
1 0 0 1 0 1 m o
1 0 1 0 1 0 m 1o
1 0 1 1 1 0 m
1 1 0 0 0 1 m 12
1 1 0 1 0 1 m 13
1 1 1 0 1 0 m 14
1 1 1 1 0 1 m 1s

g=> m(23,4,6,7,10,11,14)
or =[] M(0,1,5,8,9,12,13,15)
g'=> m(0,1,5,8,9,12,13,15)
g=[> m(0,1,5,8,9,12,13,15)]
=]] m(,15,8,9,12,13,15)
=[] ™M (0,1,5,8,9,12,13,15)
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Minterm & Maxterm Expansions (5/10)

Ex1:Find "Minterm Expansion" of f = a'(b' + d) + acd’

f=a'b'+a'd+acd"’
=a'b' (c+c')(d+d")+a'd(b+b")(c+c')+acd'(b+b")
=a'b'c'd'+a'b'c'd+a'b'cd'"+a'b'cd +a'b'c'd +a'b'cd
+a'bc'd +a'bcd +abcd'+ab'cd’
=0000+0001+0010+0011+0101+0111+1110+1010
=Zm(0 1,2,3,5,7,10 ,14)

Find Maxterm Expansion f =]IM (4,6,8,9,11,12,13,15)

Ex2:Find "Maxterm Expansion" of f = a + bc

Unit 4
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Minterm & Maxterm Expansions (6/10)

Ex3:Provea’'c+b'c’"+ab =a'b’ + bc + ac’

LHS =a'c(b+b')+(@+a)b'c+ab (c+c')
= M:+M:+Ms+ Mo+ M7+ Mo
=> m(0,1,3,4,6,7)

RHS = a'b'(c+c')+(a+a')bc+ac’'(b+Db")
= M:+Mo+M-+Mz+Ms+ My
=> m(0,1,3,4,6,7)

Unit 4
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Minterm & Maxterm Expansions (7/10) <gs

A B C|F
0 0 0|a,
0 0 1]|4g
0 1 0]a,
0 1 1|a
1 0 0|a,
1 0 1]a
1 1 0]a
1 1 1) a

\I

-
F=am,+am +am,+...+am, :_Zoaimi ------ (a)
1=

If 1, termexists = a, =1

OR

3| M) e (b)

Unit 4

If i, term does notexist = a =1

o (1+ M) =1
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Minterm & Maxterm Expansions (8/10)

A B C|F

0 0O 0|0 mo Mo

0O 0 1|1 m M: F=1-m+1-my+1-mg+1-m,

0 1 01 m M: = (04+ My)(0+ M3)(0+ My)(0+ Mg)
0 1 1[0 m Ms

1 0 0|0 ms M4

1 0 1|10 m Ms

1 1 0|1 ms Ms

1 1 1|1 m My

Unit 4 13



Minterm & Maxterm Expansions (9/10)

From (b)
FIZ[H (ai-I—Mi)]' Z(ai-l—l\/li)l
:Z(ai"Mil) = Z(ai"mi)

From (a)
F'=[> (a-m)I' =] (a'+m)
= H (aiI + M.)

m; not in F,will be in F'
M. notin F,will be in F’

Unit 4



s
Minterm & Maxterm Expansions (10/10) 3&<

2" -1 2" -1

= General Form : F = 20 am. = Ho(a +M.)
2" 1 2" 1

F = .;0 a,’'m = .l})(ai '+Mi)

property imm. =0 if i#j| Ex:(ABCD)(ABCD)=0

2" 1 2" 1
So: f, = EO am  f,= Eo b,m,
2" 1 2" 1 2"12"1
f.f, —(Za )(me)—Z 2 a;b;mm,

i=0 j=0
=XYabm (1= ] terms=0)
Ex: f,=2>m(0,2,3,59,11) f,=2>m(0,3,9,11,13,14)
f.f, =2m(0,3,9,11)

Unit 4 15
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Incompletely Specified Functions (1/2)
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Incompletely Specified Functions (2/2)

[.X.X=0.0
F = A'"B'C '+ A'"BC + ABC
= A'"B'C '+ BC
o.X,X=1,0
F = ABC+ABC+A BC + ABC
= A'B'+BC
m.xX. X=1.1
F = A'B'C'+A'B'C+A'BC+ABC'+ABC
= A'B'+BC+ AB
F = Xm(037)+Xd(16)

or = [IM(245)-T1D(1,6)

Unit 4

A B C|F
0O 0 0 |1
0 0 1 ||X |k don'tcare
0O 1 0|0
0O 1 1 |1
1 0 0|0
1 0 1 |0
1 1 0 (X
1 1 1 |1
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Binary Adders & Subtracters (1/9)

e Half Adder:

X Y | Sum
0O O 0

X— Half

Adder Sum 0 1 1

Y =—
1 O 1
1 1 0

Sum =X'Y + XY’

Unit 4
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Binary Adders & Subtracters (2/9) %<

e Full Adder:

n COU'[ Sum
0 0
X— rul [ Cou
Y " Adder
Cin ; — Sum

P P P P O o o o|X
P P O O F Fr O o<
r O Fr O Fr o r ol

P P P O Fr O O
P O O Fk O + B
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Binary Adders & Subtracters (3/9)

Qoo
H %

& b,

e The logic equation for the full adder:

Sum = X'Y 'Cin+ X'YC'in+ XY 'C'in+ XYCin

= X'(Y'Cin+ YC'in) + X (Y'C'in +YCin)

= X' (Y ®Cin) + X(Y ®Cin)'= X ®Y @ Cn
Cout = X'YCin+ XY 'Cin+ XYC 'in+ XYCin

= (X 'YCin+ XYC in) + (XY 'Cin+ XYCln) + (XYC 'in+ XYC in)

=YCin+ XCin+ XY

Unit 4
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Binary Adders & Subtracters (4/9) §%§

e The logic circuit of full adder:

Sum

out

O<x
O
O

Unit 4 21



Binary Adders & Subtracters (5/9)

e /4-Bit Parallel Adder (Ripple Carry Adder)
Adds two 4-bit unsigned binary numbers

S35 8 85 S

t 4ot

C,<— 4-bit parallel acznlder «—

iBiRiEk

A3 B3 A2 B> Ay By Ay By

Unit 4
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b g
Binary Adders & Subtracters (6/9) %ﬁéﬁ

e 4-Bit Parallel Adder 10110 | (carries)
1011
Parallel Adder Composed of Four Full Adders 1011

_|.
5 ! 1 0 10110
531 52‘ SlT SOT
|"S4— Full .C?’_ Full .Ci Full .C_l Full <C_O_
: 1 Adder 0 Adder 1 Adder 1 Adder 0 E
I I
: A3T TB3 AzT TBZ AlT TB1 AOT TBO :
: 1 1 00 1 1 1 1 :
|

End-around carry for 1’s complement

Unit 4 23



Binary Adders & Subtracters (7/9) 453

e Binary Subtracter Using Full Adders:

Subtraction of binary numbers is most easily accomplished by
adding the complement of the number to be subtracted

S4 SB SZ Sl
f ! T !
Full C, | Ful Cs; | Full C, | Ful

Cse—r Adder ] Adder *— Adder *— Adder |<+— C,;=1

AB’4 AB’g 4&8’2 $B’1

Binary Subtracter Using Full Adder

Unit 4 24



Binary Adders & Subtracters (8/9) %<

e Full Subtracter

Xi Yi bi|bi+1 di
o 0 0] 0O O
0O 0 1] 1 1
0O 1 0] 1 1
o 1 1| 1 O
1 0 0| 0 1
1 0 1, 0 O
1 1 0 0 O
1 1 1| 1 1

g g

=

Xi:O ; yi:]_ ; bi:1

Column i BeforeBorrow

Column i After Borrow

10
-1
=1
0 (bi+1=1)

Truth Table for Binary Full subtracter

Unit 4
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Binary Adders & Subtracters (9/9) %%%%

e Parallel Subtracter :
Direct subtraction can be accomplished by employing a subtracter.

d d d, d,
| 0 A
Dp.g Full D, bi+1§ Full D b3 Full ; b, Full _
“Isubtracter[*— """ 4_ESubtracter;"\_ T 4_ESubtracterif"_ Subtracter*— 2170
SE— Cell i S— |
b L

Unit 4 26



Speeding Up Integer Additions

¢ Ripple carry adder
— Simple, regular
— Long delay
» Last carry out needs 2n delay for n-bit adder

e Carry Lookahead Adder (CLA)

e Carry Select Adder

Unit 4
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Carry Lookahead Adder (1/4) e

nit 4

Sum=A®B®C,
C,..=AB+(A+B)C._

B A A I
C4 Full Cs Full C Full Full

il Adder Adder Adder Adder il

Al fe. al fe, al le. al fa,

C.=AB+(A+B)C._,

Ci=A,B_+(A,+B_)C

28



Carry Lookahead Adder (2/4)

nit 4

s

Ci=ALB.+(A,+B,)C,
g, =A_B_; generate function

P, =A_+B_;; propagate function
Ci =04t pi—lci—l
Cl =0, t poCo

C,=0,+pC, =09, +p(9,+ P,Cy)
=0, + plgO + Py poco

29
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Carry Lookahead Adder (3/4) 5‘%%%

=0, + p2C2 =0, + pz(g1 + Pt B poCo)
=0, + P,0, + P, P.9o + P, P PG,

= gn—l T pn—lgn—Z T pn—l pn—zgn—S +
PP P9y + PraPro pOCO

Delay of 4-bit adder: 2+2x3 =8 (ripple carry adder)
2+3=5 (CLA)

Unit 4 30



Carry Lookahead Adder (4/4) %ﬁ%%f
P1 9o Po Co

gn—l pn-l gn-2 pn-2 gn-3
l H— ... 7

AN A

Cn

Ch=9In-1 T+ Pn-19n-2 t --- T Pn—1Pn-2---P190 + Pn—1Pn—2---PoCo

Unit 4 31



Carry Select Adder (1/2) @%f

e Two additions are performed in parallel
— One assumes the carry-in is 0; the other assumes 1

¢ \When the carry-in is finally known, the correct sum is
selected (has been precomputed)

a7b7 a4b4
IR B
—0 azb; a,b, a;b; ayh,
Ll Ll Ll Ll
a,b
W [T T | A I |
—1 S3 Sy S1 So

Yt?tt 1 &

S, S¢ S5 Sy

Unit 4 32



gt g
C 2L%
arry Select Adder (2/2) 5
Ciz Cg
<0 <0 < 0
Cy
al <
Co) ICs S 55 %
<1 < 1 < 1
4 T 'T
S18517 S16S15 S14513 S12 5115100 Sg S7 S S5 Sy
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Binary Multiplication

e Performed In the same way as with decimal numbers

— Multiplicand B, multiplier A
— Partial product

— Shift one bit left

— Sum of partial products B

Ay—
B, B,
B Bo & ﬁ
A1 Ao o L
AoB:  AdBo it o
AiB:1 AiBo
Cz C» Ci Co HA' HA"

Unit 4
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